Rules for integrands of the form (a + bSin[c+d (e + fx)"])P

1. j(a+bsin[c+d(e+-Fx)"])pd]xwhenpeZ+/\nez
1, J(a+bsin[c+d(e+fx)"])pdlxwhenpeZ+An—lez*
1. |Sin[c+d (e+fx)"] dx whenn-1ez*
1. |sin[c+d (e+fx)?] ax

1: Jsin[d (e+fx)2] dx

Derivation: Primitive rule

Basis: FresnelS’[z] = Sin [ HZZZ }

Rule:

s

Jsin[d (e+-Fx)2] dx — f\/é Fresnels[\/g\/? (e+-Fx)]

Program code:

Int[Sin[d_.*(e_.+f_.*x_)"2],x_Symbol] :=
sqrt[Pi/2] /(f+Rt[d,2]) «FresnelS[Sqrt[2/Pi]«Rt[d,2]* (e+fxx)] /;
FreeQ[{d,e,f},x]

Int[Cos[d_.*(e_.+f_.%x_)~2],x_Symbol] :=
sqrt[Pi/2]/(f*Rt[d,2]) «FresnelC[Sqrt[2/Pi] +Rt[d,2]* (e+fxx)] /;
FreeQ[{d,e,f},x]



Rules for integrands of the form (e x)~m (a+b sin(c+d x”~n))"p

2: jsin[c+d (e+fx)2] dx

Derivation: Algebraic expansion
Basis: Sin[w + z] == Sin[w] Cos[z] + Cos[w] Sin[z]
Basis: Cos [w+ z] == Cos[w] Cos[z] -Sin[w] Sin[z]

Note: Although not essential, this rule produces antiderivatives in terms of Fresnel integrals instead of complex error
functions.

Rule:

Jsin[c+d (e+fx)2] dx — Sin[c] |Cos|d (e+fx)2] dx + Cos [c] Jsin[d (e+fx)2] dx

Program code:

Int[Sin[c_+d_.*(e_.+f_.*x_)"2],x_Symbol] :=
Sin[c]+Int[Cos[dx (e+fxx)~2],x] + Cos[c]+Int[Sin[d«(e+fxx)"2],x] /;
FreeQ[{c,d,e,f},x]

Int[Cos[c_+d_.*(e_.+f_.»x_)~2],x_Symbol] :=
Cos[c]»Int[Cos[dx (e+fxx)~2],x] - Sin[c]+Int[Sin[dx (e+fxx)"2],x] /;
FreeQ[{c,d,e,f},x]



Rules for integrands of the form (e x)~m (a+b sin(c+d x”~n))"p

2: Sin[c+d (e+fx)"] dx whenn-2ez*

Derivation: Algebraic expansion

Basis:Sin[z] = >ie'?-1ie'”?
. 1 -1z 1 iz
Basis: Cos[z] == 5 € +5e

Rule:If n-2 € z", then

i L n i o n
Jsin[c+d (e+-Fx)"] dx — —-J-e‘”‘d”e"‘cx’ dx - —Jec‘+d‘(e+fx) dx
2 2

Program code:

Int[Sin[c_.+d_.(e_.+f_.#x_)~n_],x_Symbol] :=
I/2%Int [E~(-cxI-dxI# (e+fxx)~n),x] - I/2+Int[E*(c+I+d»Ix(e+fxx) n),x] /;
FreeQ[{c,d,e,f},x] & IGtQ[n,2]

Int[Cos[c_.+d_.*(e_.+f_.xx_)"n_],x_Symbol] :=
1/2*Int[E"(—C*I—d*I*(e+'F*x)"n),X] + 1/2*Int[E"(c*I+d*I*(e+f*x)"n),x] /3
FreeQ[{c,d,e,f},x] && IGtQ[n,2]



Rules for integrands of the form (e x)~m (a+b sin(c+d x”~n))"p

2: J(a+bsin[c+d (e+fx)"])Pdx whenp-1ez*An-1ez*

Derivation: Algebraic expansion

Rule:lf p-1€zZ*A n-1¢€Z",then

J(a+bsin[c+d (e+fx)"])Pdx — |TrigReduce[(a+bSin[c+d (e+fx)"])P, x] dx

Program code:

Int[(a_.+b_.#Sin[c_.+d_.*(e_.+f_.»x_)"n_])"p_,x_Symbol] :=
Int[ExpandTrigReduce[ (a+bxSin[c+d« (e+fxx)~n])~p,x],x]| /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[p,1] && IGtQ[n,1]

Int[(a_.+b_.xCos[c_.+d_.*(e_.+f_.*x_)"n_])"p_,x_Symbol] :=
Int[ExpandTrigReduce[ (a+bxCos[c+d« (e+fxx)~n])~p,x],x]| /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[p,1] && IGtQ[n,1]



Rules for integrands of the form (e x)~m (a+b sin(c+d x”~n))"p

2:Jka+bsinh+d(e+fx)q)pdxwhm1peZ+AneZ‘

Derivation: Integration by substitution

Basis: If n € Z,thenf[(e+£x)"] = - subst[ XL, x,

] 1
e+f x X esfx

Rule:If pe Zz* A neZ,then

1 b si dx™"])° 1
J(a+bsin[c+d(e+fx)"])pd1x—> ——Subst[\f(a+ 1n[(2:+ x]) dx, X, ]
f X e+ fx

Program code:

Int[(a_.+b_.#Sin[c_.+d_.*(e_.+f_.*x_)"n_])"p_.,x_Symbol] :=
-1/f+Subst[Int[ (a+bxSin[c+dxx”(-n)]) " p/x"2,x],x,1/ (e+fxx)] /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[p,0] && ILtQ[n,0] && EqQ[n,-2]

Int[(a_.+b_.#Cos[c_.+d_.*(e_.+f_.*x_)"n_])"p_.,x_Symbol] :=
-1/fxSubst[Int[ (a+bxCos[c+d*x"(-n) 1) p/x"2,X],X,1/(e+fxx)] /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[p,0] && ILtQ[n,0] && EqQ[n,-2]



Rules for integrands of the form (e x)~m (a+b sin(c+d x”~n))"p

2: Jka+bsﬂﬂc+d(e+fx)”)pdxmmenpez+A %ez

Derivation: Integration by substitution

Basis: If -1 < n < 1,thenF[(e+fx)"] = L subst[x*"*Fx], x, (e+Fx)"] & (e+Ffx)"

Rule:If p e z* A ~ € Z,then

JXa+bShﬂc+d(e+fx)ﬂ)pdx—a E?SMEt[J}”ml(a+bsﬂﬂc+dx])pdx,x,(e+fx)q
n

Program code:

Int[(a_.+b_.#Sin[c_.+d_.*(e_.+f_.%x_)"n_])"p_.,x_Symbol] :=
1/ (n+f) +Subst [Int[x" (1/n-1) « (a+bxSin[c+d*x])~p,X],x, (e+f+x)*n] /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[p,0] && IntegerQ[1/n]

Int[(a_.+b_.#Cos[c_.+d_.*(e_.+f_.*x_)"n_])"p_.,x_Symbol] :=
1/ (n+f) #Subst [Int [x" (1/n-1)  (a+bxCos [c+d*x]) *p,X],X, (e+fxx)*n] /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[p,0] && IntegerQ[1/n]



Rules for integrands of the form (e x)~m (a+b sin(c+d x”~n))"p

3:Jwa+bﬁnh+d(e+f@"”deWanez+AneF

Derivation: Integration by substitution

Basis: If k € Z*, thenF[(e+fx)"] = £ subst [x1F[x"], x, (e+Fx)"] o, (e+Fx)"*

Rule:lf pez* A neF,letk = Denominator [n],then

k
J-(a+bSin[c+d (e+£x)"])Pax — ;Subst[jx"‘1 (a+bSin[c+dxk"])pdlx, X, (e+fx)1/k]

Program code:

Int[(a_.+b_.#Sin[c_.+d_.*(e_.+f_.%x_)"n_])"p_.,x_Symbol] :=

Module [ {k=Denominator[n]},

k/fxSubst [Int[x” (k-1) » (a+bxSin[c+d#x~ (kxn)])"p,X],X, (e+f*x)~(1/k)]] /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[p,0] && FractionQ[n]

Int[(a_.+b_.Cos[c_.+d_.*(e_.+f_.*x_)"n_])"p_.,x_Symbol] :=

Module [ {k=Denominator[n]},

k/fxSubst [Int [x~ (k-1) * (a+bxCos [c+dxx* (kxn) 1) ~p,X],X, (e+f+x)~(1/k)]] /3
FreeQ[{a,b,c,d,e,f},x] && IGtQ[p,0] && FractionQ[n]



Rules for integrands of the form (e x)~m (a+b sin(c+d x”~n))"p

4. J(a+bsin[c+d (e+fx)"])Pdx whenpez*

1: Sin[c+d (e+-Fx)"] dx

Derivation: Algebraic expansion

Basis: Sin[z] ==

N =

Basis: Cos[z] ==

0]
+
N [
0]

Rule:

i Lo n i Lo n
Jsin[c+d (e+fx)"]dx — —Je‘”‘d”e*“) dx - —Je”*dn(e+fx) dx
2 2

Program code:

Int[Sin[c_.+d_.x(e_.+f_.#x_)~n_],x_Symbol] :=
I/2%Int [E~(-c*I-dxIx(e+fxx) n),x] - I/2+Int[E~(c*I+d=Ix(e+fxx)n),x] /;
FreeQ[{c,d,e,f,n},x]

Int[Cos[c_.+d_.x(e_.+f_.#x_)~n_],x_Symbol] :=
1/2+Int [E~ (-cxI-dxI# (e+fxx)~n),x] + 1/2+Int[E~(c+I+d»Ix (e+fxx)n),x] /;
FreeQ[{c,d,e,f,n},x]



Rules for integrands of the form (e x)~m (a+b sin(c+d x”~n))"p

2: J(a+bsin[c+d (e+£x)"])Pdx whenp-1ez*

Derivation: Algebraic expansion

Rule:If p-1 € z*,then

J(a+bsin[c+d (e+fx)"])pd]x — |TrigReduce[(a+bSin[c+d (e+-Fx)"])p] dx

Program code:

Int[(a_.+b_.#Sin[c_.+d_.*(e_.+f_.»x_)"n_])"p_,x_Symbol] :=
Int[ExpandTrigReduce[ (a+bxSin[c+d« (e+fxx)~n])~p,x],x]| /;
FreeQ[{a,b,c,d,e,f,n},x] & IGtQ[p,1]

Int[(a_.+b_.xCos[c_.+d_.*(e_.+f_.*x_)"n_])"p_,x_Symbol] :=

Int[ExpandTrigReduce[ (a+bxCos[c+d« (e+fxx)~n])~p,x],x]| /;
FreeQ[{a,b,c,d,e,f,n},x] & IGtQ[p,1]

X: J(a+bsin[c+d (e+£x)"])P ax

Rule:

J(a+bsin[c+d (e+fx)"])Pax — J(a+bsin[c+d (e+£x)"])Pax

Program code:

Int[(a_.+b_.#Sin[c_.+d_.x(e_.+f_.*x_)~n_])~p_,x_Symbol] :=
Unintegrable[ (a+bxSin[c+dx (e+fxx)~n])~p,x]| /;
FreeQ[{a,b,c,d,e,f,n,p},x]



Rules for integrands of the form (e x)~m (a+b sin(c+d x”~n))"p

Int[(a_.+b_.Cos[c_.+d_.*(e_.+f_.*x_)"n_])"p_,x_Symbol] :=
Unintegrable[ (a+bxCos [c+dx (e+fxx)~n])~p,x] /;
FreeQ[{a,b,c,d,e,f,n,p},x]

N. J(a+ bsin[u])” dx

1: f(a+bsin[c+du"])pdx when u=e + fx

Derivation: Algebraic normalization

Rule: If u = e + f x, then

J(a+bsin[c+du"])pdx — J(a+b$in[c+d (e+£x)"])Pax

Program code:

Int[(a_.+b_.#Sin[c_.+d_.*u_"n_]1)"p_.,x_Symbol] :=
Int[ (a+bxSin[c+d«ExpandToSum[u,x]~n])"p,x]| /;
FreeQ[{a,b,c,d,n,p},x] & LinearQ[u,x] && Not[LinearMatchQ[u,x]]

Int[(a_.+b_.*Cos[c_.+d_.*u_”n_])"p_.,x_Symbol] :=
Int[ (a+b*Cos[c+dxExpandToSum[u,x]”~n])"p,x] /;
FreeQ[{a,b,c,d,n,p},x] && LinearQ[u,x] && Not[LinearMatchQ[u,x] ]
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Rules for integrands of the form (e x)~m (a+b sin(c+d x”~n))"p

Z~f@+bﬁnw]deWMnu=c+dﬂ

Derivation: Algebraic normalization
Rule: If u = c + d x", then

JXa+bSinnﬂ)pdx-a Jxa+bsﬂﬂc+dxq)pdx

Program code:

Int[(a_.+b_.#Sin[u_])"p_.,x_Symbol] :=
Int[ (a+bxSin[ExpandToSum[u,x]1)"p,x]| /;
FreeQ[{a,b,p},x] & BinomialQ[u,x] & Not[BinomialMatchQ[u,x] ]

Int[(a_.+b_.*Cos[u_])"p_.,x_Symbol] :=
Int[ (a+bxCos [ExpandToSum[u,x]])*p,X] /;
FreeQ[{a,b,p},x] & BinomialQ[u,x] & Not[BinomialMatchQ[u,Xx] ]
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Rules for integrands of the form (e x)~m (a+b sin(c+d x”~n))"p

Rules for integrands of the form (ex)" (a + bSin[c +d x"])P

1. j(ex)'“ (a+bsin[c+dx"])?dx when ™ ez

1. Jx’“ (a+bsin[c+dx"])Pax when%ez

X

Si dx"
. JMW
Sin|d x"
. jde

X

Derivation: Primitive rule

Basis: SinIntegral [z] == 3inlzl

z

Rule:

J~Sin [dx"] SinIntegral|d x"]
L ax —

X n

Program code:

Int[Sin[d_.+x_"n_]/x_,x_Symbol] :
SinIntegral[d+x”n]/n /;
FreeQ[{d,n},Xx]

Int[Cos[d_.*x_"n_]/x_,x_Symbol] :
CosIntegral[d*x"n]/n /;
FreeQ[{d,n},x]
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Rules for integrands of the form (e x)~m (a+b sin(c+d x”~n))"p

Sin[c + dx“]
2: J— dx

X

Derivation: Algebraic expansion
Basis:Sin[w + z] == Sin[w] Cos[z] + Cos[w] Sin[z]

Rule:

Cos[d x"] Sin[d x"]
- ——ax

J«Sin[c +dx"]

X

dx — Sin[c] J dx + Cos[c] J

X X

Program code:

Int[Sin[c_+d_.*x_"n_]/x_,x_Symbol] :=
Sin[c]*Int[Cos[d*Xx"n]/X,X] + Cos[c]*Int[Sin[d*x"n]/x,x] /3
FreeQ[{c,d,n},x]

Int[Cos[c_+d_.*x_"n_]/x_,x_Symbol] :=
Cos[c]+Int[Cos[d*x n]/x,x] - Sin[c]+Int[Sin[d*x*n]/x,x] /;
FreeQ[{c,d,n},x]

13



Rules for integrands of the form (e x)~m (a+b sin(c+d x”~n))"p

2: Jx’“ (a+bsin[c+dx"])?dx Whenm;—lez A(p=1Vm=n-1VpezA %>0)

Derivation: Integration by substitution

Basis: If m+1 ez, then x» F[X"] == % Subst x$'1 F[x], X, X"| 8yx"
n n
Rule:if ™2 ez A (p=1Vvm=n-1Vvpez A ™ >0}, then

Jx"‘ (a+bsin[c+dx"])?dx — ESubst[j o (a+bsin[c+dx])®dx, x, x"]
n

Program code:

Int[x_"m_.(a_.+b_.#Sin[c_.+d_.*x_"n_])"p_.,x_Symbol] :=
1/n%Subst [Int[x" (Simplify[ (m+1) /n]-1) (a+bxSin[c+d»x])"p,x],x,x*n] /;
FreeQ[{a,b,c,d,m,n,p},x] & IntegerQ[Simplify[(m+1)/n]]| & (EqQ[p,1] || EqQ[m,n-1] || IntegerQ[p] & GtQ[Simplify[(m+1)/n],0])

Int[x_"m_.x(a_.+b_.xCos[c_.+d_.*x_"n_])”"p_.,x_Symbol] :=
1/n+Subst[Int[x~ (Simplify[ (m+1) /n]-1)+ (a+bxCos[c+dxx])"p,X]|,x,x*n] /;
FreeQ[{a,b,c,d,m,n,p},x] & IntegerQ[Simplify[(m+1)/n]]| & (EqQ[p,1] || EqQ[m,n-1] || IntegerQ[p] & GtQ[Simplify[(m+1)/n],0])

14



Rules for integrands of the form (e x)~m (a+b sin(c+d x”~n))"p

2:J}exﬂ(a+bsinh+dxﬂ)deMMen%%ez

Derivation: Piecewise constant extraction
Basis: a, 1—>— =0

Rule: If % € Z,then

eIntPar‘t [m] (e X) FracPart[m]

J}ex)m(a+bsin[c+dxq)pdx — J}m(a+bsin[c+dxq)pdx

XFr'acPar‘t[m]

Program code:

Int[(e_»x_)~m_x(a_.+b_.*Sin[c_.+d_.#x_"n_])"p_.,x_Symbol] :=
eAIntPart[m]*(e*x)AFracPart[m]/xAFracPart[m]*Int[xAm*(a+b*Sin[c+d*xAn])Ap,x] /3
FreeQ[{a,b,c,d,e,m,n,p},x] & IntegerQ[Simplify[ (m+1)/n]]

Int[(e_»x_)"m_x(a_.+b_.*Cos[c_.+d_.*x_"n_])"p_.,x_Symbol] :=
e*IntPart[m] x (exx) ~FracPart[m] /x"FracPart [m] *Int [x"m% (a+b*Cos [c+d*x”*n]) *p,x] /;
FreeQ[{a,b,c,d,e,m,n,p},x] && IntegerQ[Simplify[ (m+1)/n]]
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Rules for integrands of the form (e x)~m (a+b sin(c+d x”~n))"p 16

2. j(ex)m(a+bsin[c+dx"])p<ﬂx whenpezZ A nez
1. J(ex)m(a+bsin[c+dx"])pdx whenpez A nez*
1. J(ex)msin[c+dx"] dx

1: x5t Sin[a + bx“] dx

Derivation: Integration by substitution

Basis: x> L F[x"] = 2 subst[F[x?], x, xg] Oy X2

Note: Although not essential, this rule produces antiderivatives in terms of Fresnel integrals instead of complex error
functions.

Rule:

jx;'l Sin[a + bx“] dx — 2 Subst[jsin [a + bxz] dx, X, X'zl]
n

Program code:

Int[x_m_.xSin[a_.+b_.*x_"n_],x_Symbol] :=
2/n«Subst[Int[Sin[a+b*x"2],x],X,x*(n/2)] /;
FreeQ[{a,b,m,n},x] && EqQ[m,n/2-1]

Int[x_”"m_.xCos[a_.+b_.*x_"n_],x_Symbol] :=
2/nxSubst [Int [Cos [a+b*x"*2],x],Xx,x*(n/2)] /;
FreeQ[{a,b,m,n},x] && EqQ[m,n/2-1]



Rules for integrands of the form (e x)~m (a+b sin(c+d x”~n))"p 17

2: j(ex)’“sin[c+dx“]dlx whennez*A@<n<m+1

Reference: CRC 392, A&S 4.3.119
Reference: CRC 396, A&S 4.3.123

Derivation: Integration by parts

Basis: If n € z,then (e x)"Sin[c +d x"] = —L‘j—ﬁ; OxCos[c +dx"]

Rule:lf neZ* A @ <n<m+1,then

et (ex)™™ Cos[c+dx"] e" (m-n+1)
+

dn dn

J(ex)msin[c+dx"] dx — - J(ex)"“" Cos[c+dx"] dx

Program code:

Int[(e_.*x_)"m_.*Sin[c_.+d_.*x_"n_],x_Symbol] :
-e”(n-1) * (exx) ~ (m-n+1) xCos [c+d*x”*n] / (d*n) +
e*nx (m-n+1) / (dxn) *Int[ (exx)~ (m-n) xCos [c+dxx"n] ,x] /;

FreeQ[{c,d,e},x] && IGtQ[n,0] && LtQ[n,m+1]

Int[(e_.*x_)”m_.xCos[c_.+d_.*x_"n_],x_Symbol] :
e”(n-1) x (exx) ~ (m-n+1) xSin[c+d+x”n]/(dxn) -
e~nx (m-n+1) / (d+n) *Int [ (exx) ~ (m-n) +Sin[c+d+x"n],x] /;

FreeQ[{c,d,e},x] &% IGtQ[n,0] && LtQ[n,m+1]



Rules for integrands of the form (e x)~m (a+b sin(c+d x”~n))"p

3: j(ex)’"sin[c+dx“] dx when nez* A m< -1

Reference: CRC 405, A&S 4.3.120
Reference: CRC 406, A&S 4.3.124
Derivation: Integration by parts

Rule:lf nez* A m< -1, then

J(ex)msin[c +dx"] dx —

Program code:

Int[(e_.*x_)"m_sSin[c_.+d_.*x_"n_],x_Symbol] :=
(e%x) ™ (m+1) *Sin [c+d*x"n]/(e* (m+1)) -

(ex)™!sin[c+dx"]

dn

e (m+1)

dxn/ (e”*nx (m+1) ) *xInt[ (exx)~ (m+n) *Cos [c+d*x*n],x] /;

FreeQ[{c,d,e},x] &% IGtQ[n,0] && LtQ[m,-1]

Int[(e_.*x_)~m_xCos[c_.+d_.*x_"n_],x_Symbol] :=
(e*x) ~ (m+1) *Cos [c+d*x”n]/ (ex (m+1)) +

dxn/ (e*nx (m+1) ) »Int [ (exx)~ (m+n) xSin[c+d=x"n],x] /;

FreeQ[{c,d,e},x] && IGtQ[n,0] && LtQ[m,-1]

e" (m+1)

~f(e x)™" Cos[c+dx"] dx
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Rules for integrands of the form (e x)~m (a+b sin(c+d x”~n))"p

4: j(e x)"Sin[c+dx"] dx whennez*

Derivation: Algebraic expansion

Basis:Sin[z] = >ie'?-1ie'”?
. 1 -1z 1 iz
Basis: Cos[z] == 5 € +5e

Rule:If n € z*, then

mes n E m _-ci-dix" £ m _ci+dix"
(ex)"sin[c+dx"] dx — 5 (ex)"e dlx—2 (ex)"e dx

Program code:

Int[(e_.*x_)"™m_.*Sin[c_.+d_.+x_"n_],x_Symbol] :=
I/2%Int[ (exX) *m*E” (-c*I-d*Ixx"n),x] - I/2%xInt[ (exXx)” mxE”(c*I+d*Ixx*n),x] /;
FreeQ[{c,d,e,m},x] && IGtQ[n,0]

Int[(e_.*x_)”"m_.+xCos[c_.+d_.*x_"n_],x_Symbol] :=
1/2%Int[ (exX) *m*E” (-c*I-d*Ixx"n),x] + 1/2%xInt[ (exX) m*E” (c*I+d*Ixx*n),x] /;
FreeQ[{c,d,e,m},x] && IGtQ[n,0]
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Rules for integrands of the form (e x)~m (a+b sin(c+d x”~n))"p

2. J(ex)"‘ (a+bsin[c+dx"])?dx when p>1

0: x“‘Sin[a+bx"]2d1x

Derivation: Algebraic expansion

Basis: sin[z]? == L_ empn

Rule:

mes ni2 E m 1 m n
xSln[a+bx] dx — x"dx - xCos[2a+2bx]d]x
2 2

Program code:

Int[x_"m_.xSin[a_.+b_.*x_"n_/2]~2,x_Symbol] :=
1/2%Int[x*m,x] - 1/2%Int[x*mxCos[2*xa+bxx*n],x] /;
FreeQ[{a,b,m,n},x]

Int[x_"m_.xCos[a_.+b_.*x_"n_/2]"2,x_Symbol] :=
1/2%Int[x*m,x] + 1/2%Int[x*mxCos[2*xa+bxx*n],x] /;
FreeQ[{a,b,m,n},x]
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Rules for integrands of the form (e x)~m (a+b sin(c+d x”~n))"p

1: |x"Sin[a+bx"|’dx whenp-1€ez*Am+n=0Antl Anez

Derivation: Integration by parts

Rule:lf p-1€Z"Am+n=0An+1A neZthen

x™!sin[a+bx"]® bnp

~J.x'“Sin[a+bx"]pc11x —
m+1 m+1

Program code:

Int[x_"m_.xSin[a_.+b_.*x_"n_]~p_,x_Symbol] :=

X~ (m+1) *Sin[a+bxx n]~p/ (m+1) -

bxn«p/ (m+1) +Int[Sin[a+bxx n]~ (p-1) xCos [a+bxx"n],x] /;
FreeQ[{a,b},x] && IGtQ[p,1] &% EqQ[m+n,0] && NeQ[n,1] &% IntegerQ[n]

Int[x_"m_.xCos[a_.+b_.*x_"n_]”p_,x_Symbol] :=

X" (m+1) *Cos [a+bxx*n]~p/ (m+1) +

bxn«p/ (m+1) +Int [Cos[a+bxx"n]~ (p-1) xSin[a+bxx"n],x]| /;
FreeQ[{a,b},x] && IGtQ[p,1] &% EqQ[m+n,0] && NeQ[n,1] &% IntegerQ([n]

Jsin[a + bx"]"'1 Cos[a + bx"] dx
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Rules for integrands of the form (e x)~m (a+b sin(c+d x”~n))"p

2: jx'“sin[a+bx“]pd1x whenm-2n+1=0 A p>1

Reference: G&R 2.631.2' special case whenm -2 n+1 == 0
Reference: G&R 2.631.3' special case whenm -2n+1 == 0

Rule:lf m-2n+1=0 A p > 1,then

nsin[a+bx"]? x"Cos[a+bx"]sin[a+bx"]P" p_
- +

1
Jx’" Sin[a+bx"]pd1x — Jx'" Sin[a+bx"]'°'2 dx

b2 n? p? bnp p

Program code:

Int[x_"m_.xSin[a_.+b_.*x_"n_]"p_,x_Symbol] :=
nxSin[a+bxx"n]~p/ (b 2xn"2xp”2) -
x*nxCos [a+bxx*n] *Sin[a+bxx*n]~ (p—l)/(b*n*p) +
(p-1) /p*Int [x*mxSin[a+bxx*n]" (p-2),x]| /;
FreeQ[{a,b,m,n},x] && EqQ[m-2xn+1,0] && GtQ[p,1]

Int[x_"m_.xCos[a_.+b_.*x_"n_]”p_,x_Symbol] :=
nxCos [a+bxx~n]~p/ (b*2xn"*2xp"2) +
x"nxSin[a+bxx~n] xCos [a+bxx*n]~ (p-1) / (bxnxp) +

(p-1) /p*Int [x*mxCos [a+bxx*n] " (p-2),x] /;
FreeQ[{a,b,m,n},x] && EqQ[m-2xn+1,0] && GtQ[p,1]

3: [x"sin[a+bx"]"dx whenp>1 Anez*Am-2n+1ez*

Reference: G&R 2.631.2'
Reference: G&R 2.631.3'

Rule:lf p>1 AneZ*"Am-2n+1eZ",then
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Rules for integrands of the form (e x)~m (a+b sin(c+d x”~n))"p
Jx"‘ Sin [a + bx"]p dx —

(m-n+1) x™2™*sin[a+bx"]" x'"‘""1Cos[a+bx”]Sin[a+bx“]'°'1 p-

1
Jx'“ Sin[a+ bx"]"’2 dx -
b2 n? p? bnp p

Program code:

Int[x_"m_.xSin[a_.+b_.*x_"n_]"p_,x_Symbol] :=
(m—n+1)*x“(m—Z*n+1)*Sin[a+b*x“n]Ap/(bAz*nAZ*pAZ) -
xA(m—n+1)*Cos[a+b*xAn]*Sin[a+b*xAn]A(p—1)/(b*n*p) +
(p-1) /p+Int [x"m«Sin[a+bxx*n]~ (p-2),x] -

(m-n+1) % (M-2%n+1) / (b"2%n"2%p"2) *Int X" (M-2#n) #Sin[a+bxx n]*p,x]| /;

FreeQ[{a,b},x] & GtQ[p,1] && IGtQ[n,0] && IGtQ[m,2xn-1]

Int[x_”"m_.xCos[a_.+b_.*x_"n_]”p_,x_Symbol] :=

(m-n+1) *x” (m-2%n+1) *Cos [a+b*x~n]*p/ (b*2xn"2xp"2) +

X" (m-n+1) *Sin[a+b*x”n] *Cos [a+b*x"n] " (p-1) / (bxnxp) +

(p-1) /p*Int [x*mxCos [a+b*x*n]~" (p-2) ,Xx] -

(m-n+1) * (m-2%n+1) / (b~2xn*2xp~2) *Int [X* (m-2xn) xCos [a+bxx*n]"p,x] /;
FreeQ[{a,b},x] && GtQ[p,1] &% IGtQ[n,0] && IGtQ[m,2xn-1]

(m-n+1) (Mm-2n+1)

b2 n2 p2

jx'"‘zn Sin[a+ bx"]"dlx
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Rules for integrands of the form (e x)~m (a+b sin(c+d x”~n))"p

4: [x"sin[a+bx"]"dx whenp>1 Anez*Am+2n-1€zZ Am+n+1#0

Reference: G&R 2.638.1'
Reference: G&R 2.638.2'

Rule:lf p>1 AnezZ*Am+2n-1cZ Am+n+1+0,then
Jx“‘sin[a+bx"]pd1x —

x™tsin[a+bx"]® bnpx™"!Cos[a+bx"]Sin[a+ bx"]""1 b2 n2 p2

Jxm*z"sin[a+bx"]pdx+
m+1 (m+1) (m+n+1) (m+1) (m+n+1)

Program code:

Int[x_m_.*Sin[a_.+b_.*x_"n_]"p_,x_Symbol] :=
X~ (m+1) #Sin[a+b*x*n]*p/(m+1) -
bxnxpxx” (m+n+1) xCos [a+bxx~n] *Sin[a+bxx~n]" (p—1)/( (m+1) * (m+n+1)) -
br24n"2xpr2/ ((M+1) » (M+n+1) ) xInt[x" (m+2xn) xSin[a+bxx"n]*p,x] +
br2xn"2xpx (p-1) / ((M+1) » (M+n+1) ) »Int [x" (M+2xn) *Sin[a+bxx*n]* (p-2),x]| /;
FreeQ[{a,b},x] && GtQ[p,1] &% IGtQ[n,0] && ILtQ[m,-2xn+1] && NeQ[m+n+1,0]

Int[x_"m_.xCos[a_.+b_.*x_"n_]”p_,x_Symbol] :=
X~ (m+1) xCos [a+bxx*n] p/ (m+1) +
bxnxpxx” (Mm+n+1) *Sin[a+bxx*n] xCos [a+bxx*n] " (p-1) / ((m+1) * (m+n+1)) -
b”r2xn"2xp~2/ ((m+1) * (m+n+1) ) *Int [X" (m+2%n) *Cos [a+b*x*n]*p,Xx] +
b”r2xn"2xpx (p-1) / ((m+1) * (m+n+1) ) *Int [X* (m+2xn) xCos [a+b*x*n] " (p-2),Xx] /;
FreeQ[{a,b},x] && GtQ[p,1] && IGtQ[n,0] && ILtQ[m,-2xn+1] &&% NeQ[m+n+1,0]

b2n’p (p-1)

(m+1) (m+n+1)

Jx'“*z" Sin[a+bx"] P2 ax
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Rules for integrands of the form (e x)~m (a+b sin(c+d x”~n))"p

5: j(ex)"‘ (a+bsin[c+dx"])?dx whenpez A nez*AmeF

Derivation: Integration by substitution

Basis: If k e 7", then (ex)"Fx] == KSubst[xk (m+1)-1 F[’;—k], X, (e x)1/k] By (e x)1/k

e

Rule:lf pezZ A nezZ" A meF,letk = Denominator [m], then

k
~J‘(ex)’" (a+bsin[c+dx"])?dx — —Subst[J‘xk (m+1)-1 [a+bsin[c+
e

Program code:

Int[(e_.*x_)"m_x(a_.+b_.*Sin[c_.+d_.*x_"n_])"p_.,x_Symbol] :=
With [ {k=Denominator[m]},
k/exSubst[Int[x” (kx (m+1) -1) » (a+bxSin[c+d#x" (kxn) /e~n])~p,x],x, (exx)~(1/k) |] /;
FreeQ[{a,b,c,d,e},x] & & IntegerQ[p] && IGtQ[n,0] && FractionQ[m]

Int[(e_.*x_)"m_x(a_.+b_.xCos[c_.+d_.*x_"n_])"p_.,x_Symbol] :=

With [ {k=Denominator[m]},

k/e*Subst [Int [x” (k% (m+1) -1) * (a+bxCos [c+d*Xx” (kxn) /e”n]) *p,Xx],X, (exx) " (1/k) ] ] /5
FreeQ[{a,b,c,d,e},x] & IntegerQ[p] &% IGtQ[n,0] && FractionQ[m]

dxkn

eﬂ

]]pd]x, X, (ex)l/k]
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Rules for integrands of the form (e x)~m (a+b sin(c+d x”~n))"p

6: J(ex)"‘ (a+bsin[c+dx"])?dx whenp-1ez*A nez*

Derivation: Algebraic expansion

Rule:lf p-1€2Z* A nez*, then

J(ex)“‘ (a+bsin[c+dx"])?dx — f(ex)'“TrigReduce[(a+bsin[c+dx"])p, x] dx

Program code:

Int[(e_.*x_)"m_.x(a_.+b_.#Sin[c_.+d_.*x_"n_])"p_,x_Symbol] :
Int[ExpandTrigReduce[ (exx)~m, (a+b*Sin[c+d*xn])~p,x],x] /;
FreeQ[{a,b,c,d,e,m},x] && IGtQ[p,1] && IGtQ[n,0]

Int[(e_.*x_)"m_.x(a_.+b_.xCos[c_.+d_.*x_"n_])”"p_,x_Symbol] :
Int[ExpandTrigReduce[ (exx)~m, (a+bxCos[c+d*x*n]) p,x]1,x] /;
FreeQ[{a,b,c,d,e,m},x] & & IGtQ[p,1] && IGtQ[n,0]
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Rules for integrands of the form (e x)~m (a+b sin(c+d x”~n))"p

3. J(ex)"‘ (a+bsin[c+dx"])?dx when p<-1

1: |x"Sin[a+bx"]°dx whenm-2n+1=0 A p<-1 A p#-2

Reference: G&R 2.643.1' special case whenm -2n+1 == 0

Reference: G&R 2.643.2' special case whenm-2n+1 -0

Rule:lf m-2n+1=0 Ap<-1Ap+-2,then

jx’" Sin[a + bx"]pdlx —

Program code:

x" Cos[a+bx"] sin[a+bx"]P"

nsinfa+bx"]™?  p.2
+

bn (p+1)

Int[x_"m_.*Sin[a_.+b_.*x_"n_]"p_,x_Symbol] :=
x*nxCos [a+bxx*n] *Sin[a+bxx*n]~ (p+1)/(b*n* (p+1)) -
n+Sin[a+bxx n]~ (p+2) / (b"2xn"2x (p+1) * (p+2)) +
(p+2) / (p+1) *Int [x"m«Sin[a+bxx"n]~ (p+2) ,x] /;
FreeQ[{a,b,m,n},x] && EqQ[m-2xn+1,0] && LtQ[p,-1] && NeQ[p,-2]

Int[x_"m_.xCos[a_.+b_.*x_"n_]”p_,x_Symbol] :=
-x*nxSin[a+bxx*n] xCos[a+bxx n]~ (p+1) / (bxnx (p+1)) -
nxCos [a+b*x*n]” (p+2) / (b*"2%n"2x (p+1) * (p+2) ) +
(p+2) / (p+1) *Int [x*mxCos [a+bxx*n]” (p+2),Xx] /;
FreeQ[{a,b,m,n},x] &% EqQ[m-2xn+1,0] & LtQ[p,-1] && NeQ[p,-2]

" p2n? (p+1) (p+2) p+1

jx’" Sin [a +b x"]p+2 dx
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Rules for integrands of the form (e x)~m (a+b sin(c+d x”~n))"p

2: [x"sin[a+bx"]"dx when (m|n) ez Ap<-1Ap#-2A0<2n<m+1

Reference: G&R 2.643.1'
Reference: G&R 2.643.2
Rule:lIf (m|n) eZ Ap<-1Ap+-2A0<2n<m+1,then
Jx“‘sin[a+bx"]pd1x -
x""1cos[a+bx"] Sin[a+bx"]"*""  (m-n+1) x™2"1sin[a+bx"]P*? L P2

- Jx'" Sin[a+bx"]’J+2 dx +
bn (p+1) b2n2 (p+1) (p+2) p+1

Program code:

Int[x_"m_.«Sin[a_.+b_.*x_"n_]"p_,x_Symbol] :=

X~ (m-n+1) xCos [a+bxx*n] *Sin[a+bxx*n] " (p+1)/(b*n* (p+1)) -

(m-n+1) %x" (M-2%n+1) Sin[a+bxx n]" (p+2) / (bA2%n 2% (p+1) % (p+2)) +

(P+2) / (p+1) *Int [x"m«Sin[a+b*x n]~ (p+2) ,x] +

(m-n+1) * (M-2xn+1) / (b*"2xn"2x (p+1) * (p+2) ) *Int [x" (m-2%n) *Sin[a+bxx*n] " (p+2) ,x] /3
FreeQ[{a,b},x] &% LtQ[p,-1] && NeQ[p,-2] && IGtQ[n,0] && IGtQ[m,2xn-1]

Int[x_"m_.xCos[a_.+b_.*x_"n_]”p_,x_Symbol] :=

-X~(m-n+1) *Sin[a+bxx~n] xCos [a+bxx*n]~ (p+1) / (bxnx (p+1)) -

(m-n+1) *x” (m-2%n+1) *Cos [a+b*x*n]~ (p+2) / (b"2%n"2% (p+1) * (p+2) ) +

(p+2) / (p+1) *Int [x"mxCos [a+b*x*n]” (p+2) ,x] +

(m-n+1) * (M-2xn+1) / (b*"2*xn*2x (p+1) * (p+2) ) *Int [x" (m-2xn) xCos [a+bxx*n] " (p+2) ,x] /;
FreeQ[{a,b},x] &% LtQ[p,-1] && NeQ[p,-2] && IGtQ[n,0] && IGtQ[m,2xn-1]

(m-n+1) (m-2n+1)

b2n? (p+1) (p+2)

jx'"‘zn sinfa+ bx"]p+2 dx
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Rules for integrands of the form (e x)~m (a+b sin(c+d x”~n))"p

2. J(ex)'“ (a+bsin[c+dx"])?dx whenpez* A nez"
1. J(ex)m (a+bsin[c+dx"])?dx whenpez*Anez - AmeQ

1: Jx'“ (a+bsin[c+dx"])?dx whenpez*Anez Amez

Derivation: Integration by substitution
Basis:If n € Z A m e Z,thenx"rix"] = -subst[*2+, x, 2] 5,2

Rule:lf peZ*"Anez A mez,then

(a+bSin[c+dx‘"])p

Jx“‘ (a+ bSin[c +dx"])”dlx — —Subst[J
Xm+2

Program code:

Int[x_*m_.(a_.+b_.#Sin[c_.+d_.*x_"n_])"p_.,x_Symbol] :=
—Subst[Int[(a+b*Sin[c+d*x"(—n)])"p/x"(m+2),x],x,1/x] /3
FreeQ[{a,b,c,d},x] &% IGtQ[p,0] &% ILtQ[n,0] && IntegerQ[m] && EqQ[n,-2]

Int[x_"m_.x(a_.+b_.*xCos[c_.+d_.*x_"n_])"p_.,x_Symbol] :=
-Subst[Int[ (a+bxCos[c+d*x" (-n)]) " p/xX"(m+2),x],X,1/x] /;
FreeQ[{a,b,c,d},x] &% IGtQ[p,0] &% ILtQ[n,0] && IntegerQ[m] && EqQ[n,-2]

1
dx, x, —]
X
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Rules for integrands of the form (e x)~m (a+b sin(c+d x”~n))"p

2: j(ex)"‘ (a+bsin[c+dx"])’dx whenpez*Anez  AmeF

Derivation: Integration by substitution

Basis:If n € Z A k > 1,then (ex)"Fx"] = - £ subst| F[f_(:j;k"] x, —2—] 8, —*

a 202 (ex)l/k x (ex)l/k

Rule:lf peZ*Anez A meTF,letk = Denominator [m], then

k (a+bsin[c+de™x™*"])P
J(ex)"‘ (a+bsin[c+dx"])?dx — ——Subst[j

e xk (m+1) +1

Program code:

Int[(e_.*x_)"m_%(a_.+b_.*Sin[c_.+d_.*x_"n_])"p_.,x_Symbol] :=

With [ {k=Denominator[m]},

-k/exSubst[Int[ (a+bxSin[c+d/ (e”nxx* (kxn)) 1) p/x" (k# (m+1) +1) ,x],X,1/ (exx)*(1/k) ]] /3
FreeQ[{a,b,c,d,e},x] && IGtQ[p,0] && ILtQ[n,0] && FractionQ[m]

Int[(e_.*x_)”m_x(a_.+b_.xCos[c_.+d_.*x_"n_])”p_.,x_Symbol] :=

With [ {k=Denominator[m]},

-k/exSubst [Int [ (a+bxCos[c+d/ (e”n»x” (kn)) 1) p/x" (k# (m+1) +1) ,X],X,1/ (exx)"(1/k)1] /;
FreeQ[{a,b,c,d,e},x] & & IGtQ[p,0] && ILtQ[n,0] && FractionQ[m]

dx, X,

1

(e X)l/k

]
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Rules for integrands of the form (e x)~m (a+b sin(c+d x”~n))"p

2: J(ex)m (a+bsin[c+dx"])?dx whenpez*Anez - Am¢Q

Derivation: Piecewise constant extraction and integration by substitution
Basis: 0y ((ex)™ (x1)") =0

Basis: F [X] == —Subst{ﬂi—;L, X, ﬂ Ox

X =

Rule:lf peZ*Anez A m¢O0,then

(a+bSin[c+dx“])p

a+bSin[c+dx‘“])p

j(ex)'" (a+bsin[c+dx"])?Pdx — (ex)" (x‘l)mj dx — -(ex)" (x‘l)mSubst[J(

(x*)"
Program code:

Int[(e_.*x_)"m_x(a_.+b_.*Sin[c_.+d_.*x_"n_])"p_.,x_Symbol] :=
- (exX) *m# (X~ (-1) ) "m#Subst [Int [ (a+bxSin[c+d»x” (-n) 1) p/x" (m+2) ,x],X,1/x] /;
FreeQ[{a,b,c,d,e,m},x] && IGtQ[p,0] && ILtQ[n,8] & Not[RationalQ[m] ]

Int[(e_.*x_)"m_x(a_.+b_.xCos[c_.+d_.*x_"n_])”p_.,x_Symbol] :=
- (exX) “mx (X (-1) ) "m*Subst [Int [ (a+b+Cos [c+d*X" (-n) ]) ~p/X" (m+2) ,X],X,1/X] /;
FreeQ[{a,b,c,d,e,m},x] && IGtQ[p,0] && ILtQ[n,0] && Not[RationalQ[m] ]

Xm+2

1
dx, X, —]
X
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Rules for integrands of the form (e x)~m (a+b sin(c+d x”~n))"p

3. J(ex)"‘ (a+bsin[c+dx"])’dx whenpez A neF

1: Jxm (a+bsin[c+dx"])?dx whenpez A neF

Derivation: Integration by substitution
Basis: If k € Z",then xFxn] = k Subst [x* (M- F[xkn], x, x*/K] g x*/
Rule:lf peZ A neF,letk = Denominator[n], then

Jx’" (a+bsin[c+dx"])Pdx — kSubst [Jx" ™1 (a+bsin[c+dx*"])Pdx, x, xl/k]

Program code:

Int[x_"m_.(a_.+b_.#Sin[c_.+d_.*x_"n_])"p_.,x_Symbol] :=

Module [ {k=Denominator[n]},

kxSubst[Int[x” (k# (m+1)-1) + (a+bxSin[c+dxx” (kxn) 1) p,x],x,x*(1/k)]] /3
FreeQ[{a,b,c,d,m},x] & IntegerQ[p] &% FractionQ[n]

Int[x_"m_.x(a_.+b_.xCos[c_.+d_.*x_"n_])”p_.,x_Symbol] :=
Module[ {k=Denominator[n]},

kxSubst [Int [x" (kx (m+1) -1) # (a+bxCos [c+d»x" (kxn) 1) *p,X1,X,x* (1/k) 1] /;
FreeQ[{a,b,c,d,m},x] & & IntegerQ[p] && FractionQ[n]

2: J(ex)'“ (a+bsin[c+dx"])’dx whenpez A neF

Derivation: Piecewise constant extraction
Basis: 5, 1—>— =0

Rule:lf peZ A neF,then
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Rules for integrands of the form (e x)~m (a+b sin(c+d x”~n))"p

eIntPar‘t [m] (e X) FracPart[m]

J(ex)’“ (a+bsin[c+dx"])?dx —

xFracPart[m]

Program code:

Int[(e_»x_)"m_x(a_.+b_.*Sin[c_.+d_.#x_"n_])"p_.,x_Symbol] :=
e~IntPart[m]  (exx) “FracPart[m] /x*FracPart[m] +Int [x m« (a+bxSin[c+d*x"n])~p,x]| /;

FreeQ[{a,b,c,d,e,m},x] &% IntegerQ[p] && FractionQ[n]

Int[(e_*x_)"m_x(a_.+b_.xCos[c_.+d_.*x_"n_])"p_.,x_Symbol] :=

e~rIntPart[m] * (exx) ~*FracPart[m] /x*FracPart [m] *Int [x"m+ (a+bxCos [c+d*Xx*n]) *p,X] /;
FreeQ[{a,b,c,d,e,m},x] &% IntegerQ[p] && FractionQ[n]

4, J(ex)"‘ (a+bsin[c+dx"])?dx whenpez A m#-1 A ﬁez*

1: Jxm (a+bSin[c+dx"])pd1x whenpezZ A m#-1 A ﬁez*

Derivation: Integration by substitution
Basis: If ﬁ e Z,then x"F[x"] = ﬁ Subst[F[xﬁ], X, X™1] g x™?

Rule:if pez Am# -1 A - ez, then

1

Jx'“ (a+bsin[c+dx"])?dx — Subst [J(a +bSin [c +d x_l] ) P ax, x, x'"*l]

m+1

Program code:

Int[x_"m_.x(a_.+b_.*Sin[c_.+d_.*x_"n_])"p_.,x_Symbol] :=
1/ (m+1) »Subst [Int[ (a+bxSin[c+d#x"Simplify[n/ (m+1)]])~p,x],x,x(m+1) ]| /;
FreeQ[{a,b,c,d,m,n},x] && IntegerQ[p] & NeQ[m,-1] && IGtQ[Simplify[n/(m+1)],0] & Not[IntegerQ[n]]

Int[x_"m_.*(a_.+b_.xCos[c_.+d_.*x_"n_])"p_.,x_Symbol] :=
1/ (m+1) »Subst [Int [ (a+bxCos[c+d#x"Simplify[n/ (m+1)]])~p,x],x,x(m+1) ]| /;
FreeQ[{a,b,c,d,m,n},x] && IntegerQ[p] & NeQ[m,-1] && IGtQ[Simplify[n/(m+1)],0] & Not[IntegerQ[n]]

Jx'" (a+bSin[c+dx“])pd1x
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Rules for integrands of the form (e x)~m (a+b sin(c+d x”~n))"p

2: J(ex)'“ (a+bsin[c+dx"])?dx whenpez A m#-1 A - ez’

m+1

Derivation: Piecewise constant extraction
Basis: a, 1—>— =0

Rule:if pez Am# -1 A - ez, then

eIntPar‘t [m] (e X) FracPart[m]

J.(ex)’" (a+bsin[c+dx"])Pdx — J.x’" (a+bsin[c+dx"])Pdx

XFr'acPar‘t[m]

Program code:

Int[(e_»x_)~m_x(a_.+b_.*Sin[c_.+d_.#x_"n_])"p_.,x_Symbol] :=
e~IntPart[m] x (exx) ~*FracPart [m] /x"FracPart[m]*Int[x"m*(a+b*Sin[c+d*x"n])"p,x] /3
FreeQ[{a,b,c,d,e,m,n},x] && IntegerQ[p] && NeQ[m,-1] && IGtQ[Simplify[n/(m+1)],0] && Not[IntegerQ([n]]

Int[(e_»x_)"m_x(a_.+b_.*Cos[c_.+d_.*x_"n_])"p_.,x_Symbol] :=
e*IntPart[m] x (exx) ~FracPart[m] /x"FracPart [m] *Int [x"m% (a+b*Cos [c+d*x”*n]) *p,x] /;
FreeQ[{a,b,c,d,e,m,n},x] && IntegerQ[p] && NeQ[m,-1] && IGtQ[Simplify[n/(m+1)],0] && Not[IntegerQ([n]]
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Rules for integrands of the form (e x)~m (a+b sin(c+d x”~n))"p

5. J(ex)"‘ (a+bsin[c+dx"])?dx whenpez*

1: J(ex)msin[c+dx“] dx

Derivation: Algebraic expansion

Basis: Sin[z] ==

N |
-
O

Basis: Cos[z] ==

N [

Rule:

megs n j‘_ m_-ci-dix" E m_ci+dix"
(ex)"sin[c+dx"] dx — (ex)"e dx - (ex)"e dx
2 2

Program code:

Int[(e_.*x_)"™m_.*Sin[c_.+d_.*x_"n_],x_Symbol] :=
I/2%Int[ (exXx) *mxE” (-c*I-d*Ixx"n),x] - I/2xInt[ (exx)” mxE”(cxI+d*Ixx*n),x] /;
FreeQ[{c,d,e,m,n},x]

Int[(e_.*x_)”"m_.xCos[c_.+d_.*x_"n_],x_Symbol] :=
1/2%Int[ (exx) *mxE” (-c*I-d*Ixx"n),x] + 1/2xInt[ (exx) mxE” (cxI+d*Ixx*n),x] /;
FreeQ[{c,d,e,m,n},x]
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Rules for integrands of the form (e x)~m (a+b sin(c+d x”~n))"p

2: J(ex)'“ (a+bsin[c+dx"])?dx whenp ez*

Derivation: Algebraic expansion

Rule: If p € z*, then

J(ex)“‘ (a+bsin[c+dx"])?dx — J(ex)'"TrigReduce[(a+bSin[c+dx"])p, x] dx

Program code:

Int[(e_.*x_)"m_.x(a_.+b_.#Sin[c_.+d_.*x_"n_])"p_,x_Symbol] :
Int[ExpandTrigReduce[ (exx)~m, (a+b*Sin[c+d*xn])~p,x],x] /;
FreeQ[ {a,b,c,d,e,m,n},x] & & IGtQ[p,9]

Int[(e_.*x_)"m_.x(a_.+b_.xCos[c_.+d_.*x_"n_])"p_,x_Symbol]
Int[ExpandTrigReduce[ (exx)~m, (a+bxCos[c+d*x*n]) p,x]1,x] /;
FreeQ[ {a,b,c,d,e,m,n},x] & IGtQ[p,9]

X: J(ex)“‘ (a+bsin[c+dx"])”dx

Rule:

J(ex)m (a+bsin[c+dx"])?dx — J(ex)"‘ (a+bsin[c+dx"])"dx

Program code:

Int[(e_.#x_)"m_.#(a_.+b_.*Sin[c_.+d_.*x_"n_])"p_.,x_Symbol] :=
Unintegrable[ (exx) “m# (a+bxSin[c+d»x*n])~p,x] /;
FreeQ[{a,b,c,d,e,m,n,p},x]
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Rules for integrands of the form (e x)~m (a+b sin(c+d x”~n))"p 37

Int[(e_.*x_)"m_.*(a_.+b_.*xCos[c_.+d_.*x_"n_])"p_.,x_Symbol] :=
Unintegrable[ (exx) “m* (a+bxCos [c+d*Xx*n]) *p,x] /;
FreeQ[{a,b,c,d,e,m,n,p},X]

N: f(ex)'“ (a+bsinfu])?dx when u=c+dx"

Derivation: Algebraic normalization

Rule: If u = c + d x", then

J(ex)’“ (a+bsin[u])’dx — J(ex)’" (a+bsin[c+dx"])"dx

Program code:

Int[(e_»x_)"m_.*(a_.+b_.*Sin[u_])~p_.,x_Symbol] :=
Int[ (exx)~mx (a+bxSin[ExpandToSum[u,x]1])"p,x] /;
FreeQ[{a,b,e,m,p},x] && BinomialQ[u,x] && Not[BinomialMatchQ[u,x]]

Int[(e_»x_)"m_.x(a_.+b_.xCos[u_])”p_.,x_Symbol] :=
Int[ (exx)~“mx (a+bxCos [ExpandToSum[u,x]])*p,x] /;
FreeQ[{a,b,e,m,p},x] && BinomialQ[u,x] && Not[BinomialMatchQ[u,x] ]



Rules for integrands of the form (e x)~m (a+b sin(c+d x”~n))"p

Rules for integrands of the form (g + hx)™ (a+bSin[c+d (e + fx)"])P

1: J-(g+hx)'“ (a+bsin[c+d (e+fx)"])"dx when pez* A %ez

Derivation: Integration by substitution

Basis: If -1 < n < 1, then (g+hx)"F[(e+fx)"] = nl—fSubst[xl/“'1 (g—%+ h":/")mF[x], X, (e+fx)"] oy (e+fx)"

Rule:If p e z* A ~ € Z,then

f(g+hx)'" (a+bSin[c+d (e+Fx)"])"dx —

1 . > 1no1 eh hxi/n
— Subst [J(a +bSin[c+dx])” ExpandIntegrand [x n-1lg- T +
nf

]m, x| ax, x, (e+x)"]

Program code:

Int[(g_.+h_.#x_)*m_.x(a_.+b_.#Sin[c_.+d_.x(e_.+f_.»x_)"n_]) p_.,x_Symbol] :=
1/ (n«f) «Subst [Int [ExpandIntegrand [ (a+bsSin[c+d«x])"p,x"(1/n-1) x (g-exh/f+hxx” (1/n) /) *m,x],x],x, (e+Fxx)*n] /;
FreeQ[{a,b,c,d,e,f,g,h,m},x] && IGtQ[p,0] && IntegerQ[1/n]

Int[(g_.+h_.#x_)"m_.*(a_.+b_.xCos[c_.+d_.x(e_.+f_.*x_)~n_]) p_.,x_Symbol] :=
1/ (n+f) xSubst [Int [ExpandIntegrand| (a+bxCos [c+d#X]) "p,X" (1/n-1) x (g-exh/F+hxx" (1/n) /f) *m,x],x] ,X, (e+Ffxx)*n] /;
FreeQ[{a,b,c,d,e,f,g,h,m},x| && IGtQ[p,0] && IntegerQ[1/n]



Rules for integrands of the form (e x)~m (a+b sin(c+d x”~n))"p

X: J(g+hx)'“ (a+bsin[c+d (e+fx)"])?Pdx whenpez*Amez A %ez

Derivation: Integration by substitution

Basis:If me Z A % € Z,then (g+hx)"F[(e+fx)"] = —2—subst[x/"! (fg-eh+hx/")"F[x], x, (e+fx)"] & (e+Fx)"

n .Fm«l

Rule:if pez"Amez A = €z,then

J(g+hx)“‘ (a+bsin[c+d (e+fx)"])?dx —

e Subst [J(a +bsin[c +dx])® ExpandIntegrand[x*/"* (fg-eh+hx'")", x] dx, x, (e +fX) "]

Program code:

(» Int[(g_.+h_.*x_) m_.x(a_.+b_.*Sin[c_.+d_.x(e_.+f_.+x_)~n_])"p_.,x_Symbol] :=
1/(n*-F"(m+1) ) *Subst [Int [ExpandIntegrand [ (a+bxSin[c+dxx])"p,X" (1/n-1) » (fxg-exh+hxx” (1/n) ) m,x],x],X, (e+f*x)*n] /;
FreeQ[{a,b,c,d,e,f,g,h},x| & IGtQ[p,0] & IntegerQ[m] && IntegerQ[1/n] =)

(» Int[(g_.+h_.*x_)"™m_.x(a_.+b_.*Cos[c_.+d_.x(e_.+f_.#x_)~n_])"p_.,x_Symbol] :=
1/(n*-F"(m+1) ) *Subst[Int [ExpandIntegrand[ (a+bxCos[c+d#X]) ~p,X" (1/n-1) « (fxg-exh+hxx* (1/n) ) *m,x],x] ,x, (e+Ff+x)*n] /;
FreeQ[{a,b,c,d,e,f,g,h},x] && IGtQ[p,0] 8&& IntegerQ[m] & IntegerQ[1/n] =)

2: f(g+hx)"' (a+bsin[c+d (e+fx)"])?dx when pez* A mez*

Derivation: Integration by substitution

Basis:If me z A ke Z*,then (g+hx)"F[(e+x)"] = = Subst[x*? (fg-eh+hx)"F[x"], x, (e+Ffx)*] o, (e+fx)"*

Fm+1

Rule:lif pez* A me z*,letk = Denominator [n], then

J(g+hx)“‘ (a+bsin[c+d (e+fx)"])?dx —
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Rules for integrands of the form (e x)~m (a+b sin(c+d x”~n))"p 40

: kn1\P k-1 kym 1/k
3 3 3
Subst[J(a+b51n[c+dx ])? ExpandIntegrand[x“* (fg-eh+hx“)", x] dx, x, (e +fXx) ]

.Fm+1

Program code:

Int[(g_.+h_.#x_)"m_.*(a_.+b_.+Sin[c_.+d_.x(e_.+f_.*x_)~n_])~p_.,x_Symbol] :=
Module[{k=If[FractionQ[n],Denominator([n],1]},
k/f~ (m+1) xSubst [ Int [ExpandIntegrand [ (a+bxSin[c+d»x” (kxn) 1) p,x* (k-1) » (Fxg-exh+hsx~k)*m,x],x],x, (e+fxx)~(1/k)]] /;
FreeQ[{a,b,c,d,e,f,g,h},x] & IGtQ[p,0] & IGtQ[m,0]

Int[(g_.+h_.#x_)"m_.*(a_.+b_.xCos[c_.+d_.x(e_.+f_.*x_)~n_]) p_.,x_Symbol] :=
Module[{k=If[FractionQ[n],Denominator([n],1]},
k/f~ (m+1) xSubst [ Int [ExpandIntegrand [ (a+bxCos [c+d»x” (kxn)]) Ap, X~ (k-1) » (Fxg-exh+hax~k)*m,x] ,x],x, (e+fxx)~(1/k)]] /;
Fr‘eeQ[{a,b,c,d,e,f,g,h},x] && IGtQ[p,0] && IGtQ[m,0]

3: J(g+hx)'“ (a+bsin[c+d (e+fx)"])Pdx whenpez*A fg-eh=0

Derivation: Integration by substitution

Basis: If 'Fg - eh =0, then (g+hx)"Fle+fx] = %Subst[(hx)mF[x], X, e+ fx] oc(e+fx)

f

Note: If p e 2%, then ("X} (a+bSin[c+dx"])Pisintegrable wrt x.

Rule:lf pez* A fg-eh = 0,then

J(g+hx)"' (a+bsin[c+d (e+fx)"])?dx — %Subst[J(hf—x]m (a+bsin[c+dx"])?dx, x, e+-Fx]

Program code:

Int[(g_.+h_.#x_)*m_.*(a_.+b_.#Sin[c_.+d_.x(e_.+f_.»x_)"n_]) p_.,x_Symbol] :=
1/'F*Subst [Int[ (h*x/'F) Amx (a+b*sin [c+dxXx~n] )"p,x] ,x,e+'F*x] 78
FreeQ[{a,b,c,d,e,f,g,h,m},x]| && IGtQ[p,0] && EqQ[fxg-exh,0]



Rules for integrands of the form (e x)~m (a+b sin(c+d x”~n))"p
Int[(g_.+h_.#x_)"m_.+(a_.+b_.xCos[c_.+d_.x(e_.+f_.*x_)~n_])~p_.,x_Symbol] :=

1/f+Subst [Int[ (h«x/f)"mx (a+bxCos [c+d+x"n])"p,X],X,e+fxx] /;
FreeQ[{a,b,c,d,e,f,g,h,m},x]| && IGtQ[p,0] && EqQ[fxg-exh,0]

X: J(g+hx)'“ (a+bsin[c+d (e+fx)"])Pax

Rule:

J(g+hx)’" (a+bsin[c+d (e+fx)"])Pax — J(g+hx)’" (a+bsin[c+d (e+Fx)"])P ax

Program code:

Int[(g_.+h_.#x_)"m_.%(a_.+b_.xSin[c_.+d_.*(e_.+f_.xx_)~n_])"p_.,x_Symbol] :
Unintegrable[ (g+hxx) “m« (a+bxSin[c+dx (e+fxx)~n])~p,x] /;
FreeQ[{a; b,c,d,e,f,g,h,m,n, P})X]

Int[(g_.+h_.#x_)"m_.*(a_.+b_.xCos[c_.+d_.*(e_.+f_.xx_)~n_])~p_.,x_Symbol] :
Unintegrable[ (g+h#x) *mx (a+bxCos [c+dx (e+fxx)~n])~p,x] /;
FreeQ[{a,b,c,d,e,f,g,h,m,n,p},x]



Rules for integrands of the form (e x)~m (a+b sin(c+d x”~n))"p

N: |v" (a+bSin[c+du"])Pdx whenu=e+fx A v==g+hx
v [c+au]) g

Derivation: Algebraic normalization
Rule:lf u==e+fx A v =g+hx,then

Jv’" (a+bSin[c+du"])Pdx — j(g+hx)'" (a+bSin[c+d (e+Fx)"])"dx

Program code:

Int[v_m_.x(a_.+b_.#Sin[c_.+d_.*u_"n_])"p_.,x_Symbol] :=
Int[ExpandToSum[v,x]"m« (a+bxSin[c+dxExpandToSum[u,x]n])"p,x] /;
FreeQ[{a,b,c,d,m,n,p},x] & LinearQ[u,x] & LinearQ[v,x] && Not[LinearMatchQ[u,x] && LinearMatchQ[v,x] ]

Int[v_"m_.*(a_.+b_.*xCos[c_.+d_.*u_"n_])"p_.,x_Symbol] :=

Int [ExpandToSum[v,x]*m* (a+bxCos [c+dxExpandToSum[u,Xx]~n])*p,Xx] /;
FreeQ[{a,b,c,d,m,n,p},x] && LinearQ[u,x] && LinearQ[v,x] && Not[LinearMatchQ[u,x] && LinearMatchQ[v,x]]

Rules for integrands of the form x" Sin[a + b x"]P Cos[a + b x"]

1. mein[a+bx"]pCos[a+bx"] dx when p # -1

1: Jx"‘l sin[a+bx"]” Cos[a+bx"] dx when p # -1

Derivation: Power rule for integration

Rule: If p # -1, then
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Rules for integrands of the form (e x)~m (a+b sin(c+d x”~n))"p 43

Sin[a+bx"]p+1
Jx"‘lsin[a+bx"]pCos[a+bx“] dx —» —m8M8M8M8——
bn (p+1)

Program code:

Int[x_m_.xSin[a_.+b_.*x_"n_.]"p_.#Cos[a_.+b_.*x_"n_.],x_Symbol] :
Sin[a+bxx"n]~ (p+1) / (bxnx (p+1)) /;
FreeQ[{a,b,m,n,p},x] & EqQ[m,n-1] && NeQ[p,-1]

Int [x_'\m_. *Cos[a_.+b_.*x_"n_.]17p_.*Sin[a_.+b_.*x_"n_.] ,x_Symbol] 8
-Cos[a+b*x*n]~ (p+1) / (bxnx (p+1)) /;
FreeQ[{a,b,m,n,p},x] && EqQ[m,n-1] && NeQ[p,-1]

2: Jx’"Sin[a+bx"]”Cos[a+bx"] dx when@<n<m+1 A p#-1

Reference: G&R 2.645.6
Reference: G&R 2.645.3
Derivation: Integration by parts

. . 4 +1
Basis: X" Sin[a + b x"]P Cos[a + b x"] == x™ N+l 5, sinlatbx" |77
bn (p+1)

Rule:lf @<n<m+1 A p+ -1,then

- . 1
x""1sin[a+bx"]" m-n+1

Jx’" sin[a+bx"]" Cos[a+bx"] dx — Jx’"‘" Sinfa+ bx"]p+1 dx

bn(p+1) _bn(p+1)

Program code:

Int[x_m_.xSin[a_.+b_.*x_"n_.]"p_.*Cos[a_.+b_.*x_"n_.],x_Symbol] :=
X" (m-n+1) *Sin[a+bxx”n]~ (p+1)/(b*n* (p+1)) -
(m-n+1) / (bxnx (p+1) ) *Int [x" (m-n) xSin[a+bxx"n]~ (p+1) ,x] /;
FreeQ[{a,b,p},x] && LtQ[O,n,m+1] && NeQ[p,-1]



Rules for integrands of the form (e x)~m (a+b sin(c+d x”~n))"p

Int[x_"m_.xCos[a_.+b_.#x_"n_.] p_.*Sin[a_.+b_.*x_"n_.],x_Symbol] :=
-X~(m-n+1) xCos [a+b*x*n]” (p+1) / (bxn* (p+1)) +
(m-n+1) / (bxn* (p+1) ) *Int [x” (m-n) *Cos [a+bxx*n]* (p+1) ,Xx] /;
FreeQ[{a,b,p},x] && LtQ[O,n,m+1] && NeQ[p,-1]
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